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ABSTRACT

Background: The present investigation is concerned with the theory of a model of the pulsatile motion of blood through a mild stenosed
long tube under the influence of a uniform transverse magnetic field and periodic body acceleration. Methods: In the present investigation,
a mathematical model has been developed to study the effect of externally applied uniform transverse magnetic field on blood motion
through stenosed vessels, considering slip velocity at the vessel’s endothelium. Results: To analyze the problem, blood is assumed to
be incompressible and Newtonian homogeneous fluid as far as large arteries’ shear rate is high. Noting the behavior of red cells in the
arteries, the possibility of the role of slip velocity at the wall under certain conditions has been considered. Also, since for biological
systems, blood is conducted with a low magnetic Reynolds number, the flow is supposed to be under the action of a uniform magnetic
field for which the induced magnetic field can be neglected. Moreover, the pulsatile motion is generated by sinusoidal behavior and
is affected by periodic body acceleration. Exact solutions of the relevant equations are obtained using Laplace and Hankel integral
transforms. Conclusion: The expressions for axial velocity, flow rate, fluid acceleration, and shear stress are given in analytical for us. The
effects of magnetic field and body acceleration on the solutions have been discussed graphically. The present study seems to immerse

importance in diversified fields of biomedical engineering.
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INTRODUCTION

Localized narrowing in a blood vessel is termed stenosis in
medical science. Many cardiovascular diseases, particularly
in mammalian arteries, are closely related to the nature
of blood movement and the dynamic behavior of blood
vessels and, in their severe form, lead to morbidity and
fatality. However, the mechanism of development of stenosis
in the lumen of the artery is not yet known, but various
researchers emphasized that some of the major factors for the
development of this vascular disease are due to the formation
of intravascular plaques and the impingement of ligaments
and spurs on the blood vessel wall.'"> Moreover, the blood
flow characteristics are significantly altered in the vicinity of
the stenotic region, and many abnormalities arise in the flow
pattern. Some experiments on models of arterial stenosis
have been carried out by Young,2 and it was noted that the
changed behavior of the blood flow might have a coupling
effect on the further development of vascular disease.
Various investigators®'® opined that the study of different
hydrodynamic factors like skin friction and pressure under
normal physiological conditions and in pathological states
may provide useful information regarding pathogenesis
and the proper treatment of various arterial diseases like
myocardial infarction, stroke, etc.

Various mathematical models of blood flow through stenosed
blood vessels have been developed by several researchers '3
of which Young’s work? may be considered a pioneer. Sanyal
et al. employed numerical techniques to study the blood
flow through an astenosed tube.'? Although blood is a non-
Newtonian suspension of cells in plasma, Chaturani and
Biswas observed that for vessels of a radius greater than
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0.25 mm, it may be considered a homogeneous Newtonian
fluid.” At lower shear rates, blood exhibits non-Newtonian
behavior,'* but for larger arteries, blood may be considered
as Newtonian fluid'® because the shear rate is high for these.
It is worth mentioning that most of the aforementioned
studies relating to stenosis models are based on the
assumption of no-slip condition at the vessel wall. However,
based on in-vitro experiments to study the behavior of red
cells during blood flow, Benneth'® pointed out that the red
cells might have a slip velocity at the wall under certain
conditions. Subsequently, several investigators' ' also
indicated the possibility of slip velocity at the inner surface
of the wall. On the other hand, Vardanyan®® reported that
biological systems, in general, are affected by the application
of an external transverse magnetic field which is corroborated
by Das and Saha.”!

In the present investigation, a mathematical model has
been developed to study the effect of externally applied
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uniform transverse magnetic field on blood motion through
stenosed vessels, considering slip velocity at the vessel’s
endothelium. Blood has been considered to be Newtonian,
incompressible conducting fluid, and the flow is laminar. The
stenosis is supposed to be mild. The analytical expressions are
computed numerically to quantify the extent to which the slip
velocity and the magnetic field can influence the blood flow
pattern of blood vessels. Moreover, the motion is pulsatile,
developed by the sinusoidal behavior of pressure gradient,
and is affected by periodic body acceleration. Laplace and
finite Hankel transforms have been used to solve the problem.
It is noted that the effects of the magnetic field may have
some consequences in these types of situations, for example,
during MRI scanning.

Mathematical Formulation of the Problem

Let us consider the axially symmetric and fully developed
pulsatile motion of blood through a stenosed artery with
body acceleration. Blood is assumed to be Newtonian
and incompressible conducting fluid. Also, the artery is
a long cylindrical tube with an axis along the z-axis. The
pressure gradient and body acceleration are assumed to be
represented

_%:AO+A1 cos(a)pt) (1

G = aycos(wyt + @) (2)

respectively.Intheabove 4, and 4, are pressure gradient of
steady flow and amplitude of oscillatory part, respectively, a,
is the amplitude of body acceleration, wp =27 fp, w, =271,
with f5 is the pulse frequency and £, is body acceleration
frequency, @ is the phase angle of body acceleration G with
respect to pressure gradient, and t represents time.

The only governing equation of motion for the flow in
cylindrical polar coordinates is given by

0 oP
pa—? = e +pG + ,uvzu - chOzu 3)

where u is the axial velocity of blood; P-blood pressure;
oP

ol pressure gradient; p —uniformde nsity of blood; -
74

the viscosity of blood; B, - the external uniform magnetic
field along the radial direction and & is the conductivity of
the blood. Assuming a low magnetic Reynolds number, the

induced magnetic field has been neglected.
The geometry of the stenosis, as shown in Figure 1, is given
by

a 5(1+cos27[2j,220 <z<L2z

R(z) = 20

a ., otherwise,

N
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Y

Figure 1: Geometry of artery with stenosis
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where R(z) is the radius of the stenosed artery, a is the radius
of the artery, is thelength of stenosis and 26 is the maximum
protuberance of the stenotic form of the a 4z, rtery wall.
We now introduce a radial coordinate transformation for
convenience by the relation

where R(z) depends on 8. The equation (3) then becomes

Ou
pa =Ay+ 4 cos(a)pt) + pag cos (@t + )

2
+i2 a—z+la—u —,uCzu
R*|0&* &0¢

M= ERBO (Hartmann number).

i
Let us consider the case that at t < 0, only the pumping action
of the heart is present while the flow in the artery corresponds
to the instantaneous pressure gradientatt =0, i.e.

where C :M ,
R

—ai:A0+A1
oz

as a result of which, the flow velocity at t=0 is given by

_ A+ 4|, 1o(CRS)
“(&0)= uc? {1 IO(CR)} ©

1, being the modified Bessel function of the first kind of
order zero.
The initial and boundary conditions for the problem are :

oA, h(cre)
“(&.0)= uC2 {1 Io(CR)}’

at &£ =1, (6)

u=1ugy

and uis finite at£ =0,
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where u, is the slip velocity at the stenosed region of the

arterial wall.

Solutions

Laplace transforms to equation (4), and the first boundary

condition of (6) lead to

_ Io(CRS) (Ao+4) ) 1o(CRS)

psu — p| iy IO(CR) + ,uCz 1 IO(CR)

_A As pao(scos¢—wbsin¢) 0“u l@i o
s (Fval) (el +R2Lg +ga;} “

bar representing the Laplace transform of a function, and s
is the transform parameter.

Also, applying the finite Hankel transformation to equation
(7), we obtain

4o 4s
o (2.2

_* (4.5) R2J1 (4,) pay (s cosp — wysing)
u (Ay,s)=
" A, [pst + y(Csz + Aj)} (s2 + wg)
p(A0+A1)R2pu 2,2
y(Csz m,f) ’ (c2r? m,f)
(8)

1
Where E*(in,s):J. ri(r,s)Jo(rA,)dr and 2, arezerosof J,
0

the Bessel function of the first kind of order zero and v =%
P
The Laplace and Hankel inversions of equation (8) in the usual

way lead to the final solution for blood velocity as

. +
y(ﬂf +C°R?)
Jo(A&)R™ ﬁf
1)=2
u(s1) HZI: A (4 4 [v(i,% + C2R2)coswpt + wa2sinwth

2
p[R4a)12; +v? (ﬂ,f + C2R2) }

a [v(/'tf +C*R? )cos(a)bt +¢)+ a)szsin(wbt + ¢)]
—+

R4a) +v (/12+C2R2)

—AwpR?
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_ n
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2
R*of +v* (;t,f + C2R2)
9)

which can also be rewritten in the form

1
(/1,3 +C2R2)

g(/‘i,% +C*R? )COSth + azsinwpt
+

(i,% + CZRZ)2 +at

paq (/13 + C2R2)cos(wbt+ @)+ fsin(wyt + ¢)
+7

A (/13 +C?R? )2 + [7’4

{4 ey ea?

(2 + CZRZ)[O/‘ +(ar+ CZRZ)Z}

%{(/13 +CR?)cosg + ﬂzsin¢} Hitg 52
“ 2, 22\, pt R? 1;10 2p2 (1)
(ﬂn+CR)+ﬁ R(/ln+CR)
2 2
Where o2 = 228 = Rep, ﬂZ:M:Reb,g:?
v 0

The analytical expression for u consists of four parts. The
first and second parts correspond to steady and oscillatory
parts of pressure gradient, the third term indicates body
acceleration, and the last term is the transient term. As t — oo
, the transient term approaches to zero. Then, from equation
(10), we get

1
(,13 + csz)

+

_ 2"4()R2 N JO(ﬂné:)
“e0= =, ;M(ﬂn)

a(/l,f +C2R? )coswpt + azsiant
+

(,12+c Rz) +at

pay (/1,3 + C2R2)cos(a)bt +¢)+ Bsin( @yt + ¢)

4 (22 + C2R2)2 e

(amn

The volumetric flow rate Q is given by
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1
(4 +C’R?)
4r AR N 1

2 ’
n=0""1

R
o(&,t)= 27zJ. rudr=
(&) 0 5(2.3 +C2R? )coswpt + azsinwpt

+

(Z,f + CZRZ)2 +a*

paq (l,f + Csz)cos(a)bt +¢)+ Bsin( @yt + ¢)

4 (42 + C2R2)2 s

The fluid acceleration F reads

F(en-2

o’ {75(/13 + Csz)sin wpt + azcosa),;t}

(/13 + C2R2)2 +at

L paf’ f(lf + CZRZ)Sin(a)bt +¢)+ Bcos(ayt + @)

4

(/1,% + C2R2)2 +p4

(13)

The expression for the wall shear stress z,, can be obtained

from

; _ﬂ(@uj

o= M| —

or r=R

as

1 +g(ﬂ"z+C2R2)cosa),;t+azsina),)t .

2, ~2p2 2
(An +C°R ) (13+C2R2) +a*

Tw(g’t) = 72A0Ri

n=l pay (/1,,2 + C2R2)c0s(a)bt +¢)+ B sin( @yt +¢)

4 (ﬂf + C2R2)2 + ﬂ4

(14)

Numerical Results

For a given steady-state pressure gradient 4, fixed
values of k and non-zero values of g, the variations of
the physiologically important fluid dynamic quantities,
viz. velocity, volumetric flow rate, wall shear stress, etc.,
are shown graphically in figures 2(a) to 9(c) for different
values of Hartmann number (M), phase angle (o), time (t),
etc. For numerical calculations, we choose, fp=15f,=15
, 4 =054y, ®,=25x, and the radius of different arteries is

shown in Table 1.
The expression for the velocity profile computed in equation
(10) has been depicted in figures 2(a) to 5(c) by plotting %

Table 1: Radius of different arteries

Blood vessels Radius(cm)
Aorta 1.2
Femorat 0.6

Carotid 0.3
Coronary 0.15
Arteriole 0.008

versus u in the presence/absence of Hartmann number (M) for
different values of phase angle (¢) and time t. It is observed
that velocity decreases with increasing Hartmann number (M)
is blunted near the axis of the artery, and decreases rapidly

with respect to % i.e., with respecttor.

Again, the maximum axial velocity depends on tube diameter,
i.e., the velocity increases as tube diameter increases from
the arteriole to the aorta. Also, it is seen that blood velocity
decreases with the increase in phase angle (¢) for different
arteries.

—» ic

Figure 2-a: Variation of velocity profiles for aorta artery

against %with p=0,t=0.
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Figure 2-b: Variation of velocity profiles for femorat artery

against %with p=0,t=0.
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e

Figure 2-c: Variation of velocity profiles for coronary artery

Figure 3-b: Variation of velocity profiles for femoral artery
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Figure 4-b: Variation of velocity profiles for femorat artery

against % with ¢=30,t=0.
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Figure 7-a: Variation of flow rate for aorta artery
against @ when t = 30.

The volumetric flow rate Q has been shown in figures 6(a) to
6(c) for different values of Hartmann number (M). For fixed
value of @, it is observed that increase in M decreases the
maximum value of the flow rate Q and the oscillatory nature
of the curves with time is nearly same for different values of M.
Figures 7(a) to 7(c) show that flow rate Q decreases with
increase of Hartmann number (M) at the given time for
various phase angle ¢ and it decreases more rapidly with
the decrease of the radius of the artery.

Figures 8(a) to 9(c) indicate the effect of Hartmann number
on wall shear stress r,, . For fixed value of @, it is found from
figures 8(a) to 8(c) that the maximum value of the wall shear
stress decreases with increase in M whereas from 9(a) to 9(c),
it is clear that for fixed value of t, the maximum value of 7,
increases with increase in M. In both cases, wall shear stress
decreases with increasing the radius of the artery.
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Figure 9-c: Variation of wall shear stress for coronary artery
against t when t =30

CONCLUSION

Using the available physiological data, it is observed from the
above analysis that the blood velocity and maximum value
of volumetric flow rate decreases with increasing Hartmann
number and given phase angle; however, the flow rate curves
are oscillating in nature. A very interesting feature has been
observed in the study and the slip velocity has no effect for
large values of time.
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